This article addresses a category of multi-criteria ranking problems in which performance evaluations of the 'objects' or 'alternatives' to be ranked are not given by unique numbers but by performance profile distributions running over an ordered set of performance score levels. The numerical values to be given to score levels are not specified a priori using cardinal scales. A weighted sum approach is developed based on order statistics to combine the individual profile distributions. In this way, a global ranking indicator is obtained, considering not only mean distribution values but also standard deviations. As a test of feasibility, the resulting Profile Ranking with Order Statistics Evaluations (PROSE) approach has been applied to the performance profile distributions provided by the UK Research Excellence Framework 2014, evaluating the quality of UK research.
Introduction
This article addresses a new category of multi-criteria ranking problems in which evaluations of the 'objects' or 'alternatives' are not given by unique numbers but by performance profile distributions normalised to one. Such profile distributions have properties analogous to probability distributions; they run over a range of ordered ordinal score levels, e.g. for five score levels: 0 (not classified), 1 (marginal), 2 (mediocre), 3 (rather good), 4 (good) . This type of problems is more and more common in practice because it is often difficult to give a crisp score. However, they have not been yet considered in the academic literature.
The question then arises if and how such ordinal score levels may be combined by simple arithmetic through a weighted sum to provide a global score, as is usual in many multi-criteria aggregation methods. Taking the weighted sum approach as given, we shall discuss in this paper the way in which the profile distributions are to be combined in a rigorous way: without anticipating the results, we conclude that a weighted sum mean value is not sufficient for ranking the 'objects' or 'alternatives' and thus a more elaborate ranking indicator must be considered. In addition, order statistics are introduced to value the ordinal score levels. 2 The applicability of the approach, called Profile Ranking with Order Statistics Evaluations (PROSE), is tested using a real-world case study: the ranking of UK research units based on data from the 2014 UK Research Excellence Framework (2014 REF) exercise [1] . The data resulting from the 2014 REF have exactly the format described, which to our knowledge is a unique case in university research evaluations. Before analysing this important case further, the problem can be made more concrete by means of a simple didactic example to present the ranking approach in PROSE. The most common and well-known example of this type is found in school evaluations. If the school teacher gives a pupil a fractional grade, e.g. 2.7, for a course on the ordinal 0-4 score scale, the thinking is: the pupil is well above the 'mediocre' grade 2, but has not entirely achieved the objectives of the 'rather good' grade 3 and therefore my subjective judgement is that the performance is at the level 2.7, i.e. 30% lower than 3, but 70% above 2. In this simple example, the normalised distribution is a binary one (i.e. 0% at 0, 0% at 1, 30% at 2, 70% at 3, 0% at 4); it is thus easy to verify that the mean grade value is indeed 2.7.
Distributions could have more than two non-vanishing components, for instance if grades are given by several school teachers for the same discipline. Considering several disciplines, the common -and probably unique school practice giving no room in general to second thoughts about its validity -is to combine the fractional grades between two ordered ordinal scores by discipline (i.e. criteria) using a weighted sum. Most of the time, all weights are taken to be equal, unless other directives are imposed by the school authorities: for instance, that more weight should be given to mathematics than to music. This does not call into question the weighted sum approach. But the weighted sum approach used as such in the specified setting, in addition to its lack of rigour in combining arithmetically ordinal level scores, which is not directly permissible, has the well-known drawback that only one value results in the form of an average final grade: therefore, compensation effects are possible between good and less good grades. Another pupil with the same average grade may be more 'regular' in the sense that the dispersion of the global grade distribution would be smaller, but this is generally not considered by school teachers. This article presents a way of avoiding this shortcoming by considering the spread in performance.
The article is structured as follows: section 2 presents stepwise the proposed PROSE approach, using simple school examples which, as set out, have a comparable input data structure. A useful ranking indicator is introduced. Section 3 is dedicated to discussing the 2014 REF. First, a detailed introduction to how the profile data were obtained is provided. Profile distributions and weights are applied in the second part to test the PROSE approach developed in section 2. Section 4 concludes the work and presents future research developments regarding multi-criteria ranking problems with a similar structure.
Two UK research rankings resulting from the 2014 REF data are given in Appendices A and B. 
Ranking approach: PROSE
Mathematical notations are defined (section 2.1); we address the basic weighted sum approach in multi-criteria problems (section 2.2); we show by means of a school example how this method can be modified when the measures of performance are profile distributions rather than single values (section 2.3.1). We extend the weighted sum to define the ordinal performance score levels as order statistics distributions (section 2.3.2). 
Mathematical notations and glossary

Basic weighted sum
Let us recall the well-known and most common weighted sum approach to multi-criteria ranking problems. Let us assume 1, 2,..., kK  criteria , where
. Defining a positive weight for each criterion, representing its relative importance with respect to the most important criterion placed in the first position, gives the ordered weight vector To illustrate the extension of the weighted sum approach to performance profiles, i.e. PROSE, let us again use the school example mentioned in the introduction: a school pupil, say John, is evaluated on his language ability in Spanish. Three criteria are used: 'speaking', 'reading' and 'grammar', ordered by importance as follows: 'speaking' > 'reading' > 'grammar'. Assume that the school teacher, following her own personal subjective view on the relative importance of the criteria compatible with this ranking, gives not-normalised weight values on a ratio scale, resp.: 1, 0.8 and 0.6.; 0.8, resp. 0.6 represent the importance ratios between reading and grammar with respect to 'speaking', the most important criterion. To calculate the global profile in Table 1 
The mean global score v , also called the grade point average (GPA) [40] , equal to 2.77 results from the weighted sum:
where (see notations in 2.1): 
To obtain a safer ranking based not only on GPA, we combine both mean and spread in
 to the 'ranking indicator'. Our proposition is to consider the interval    as an approximation to the range of values obtained for the global score, replacing the generally not well-behaved score distribution by a rectangular distribution centred on the mean value. Keeping only the lower value for being on the safe performance side, we define the combined ranking indicator as follows:
The data in Table 1 and (5) give a value for the ranking indicator 2.77 0.981 1.79
. The dispersion-corrected 1.79 of the ranking indicator is significantly smaller than GPA=2.77; the performance spread gives a more trustworthy measure of the pupil's actual performance.
Ordered score-level distributions in PROSE
In this sub-section, we examine how we may combine ordinal score levels in the weighted sum (3) using PROSE. This combining practice is commonly accepted without second thought when using weighted sums, for example in schools. However, combining ordinalscore levels arithmetically is not directly permitted, while we need cardinal values for the scores. Score surrogates is a well-known elicitation technique in decision theory when only ordinal information is available in the form of a ranking [10] ; [17] ; here the ranking of the score levels; the score surrogates are the centroids of the ranking simplex. To introduce those concepts let us consider now that the school teacher uses alphabetic grades instead of ordinal numbers for the performance levels, as is usual in some countries. For five levels, there is a one-to-one correspondence with the ordinal score levels in Table 1 : grade E in Table 2 corresponds to the zero-score level 'no performance', whereas A corresponds to the highest level 4. However, no numerical value is given a priori to the levels and therefore no global mean score or standard deviations can be calculated using (3) and (4), as with the numerical score levels in 4 ) are given by the centroid coordinates of the simplex, which is a 3D
tetrahedron, see 
but this is a lengthy exercise for standard deviations, and it is easier to use the theory of order statistics to obtain these values. 
Order-statistics theory [7] gives the probability distributions of 
In summary, the mean scores are identical to the discrete ordinal scores in Table 1; however, three scores , 1, To obtain the ranking indicator (5) the mean and standard deviation of the global score, called V are needed. V is obtained with the random S scores, generalising v obtained with mean scores S , see (3) and (4); we get with the global performance distribution G , and the notation  for the scalar product:
The mean of a sum of random variables being equal to the sum of the means, even if these variables are not statistically independent, which is the case for the order statistics because of the ordering, we get from (12):
(13) shows that the global mean score obtained before with (3) is unchanged and equal to 2.77, as previously obtained in the school example for the GPA. This is because the mean score vector is given in (10): its components appear to be just the same as the set of the four ordered ordinal level scores. This gives validity to the common weighted sum school practice of using ordinal scores to compute global GPA grades. However, this is only partly adequate, as spreads in global grades are neglected in GPA. Indeed, an increased variance is expected, not only due to the global profile spread as in (4), but also the supplementary variance (11), stemming from the order statistics. More formally, we must now consider, in addition to the profile-induced correction, that the score vector S is represented by probability distributions (order statistics), and not by unique ordinal values: therefore   
This value is significantly smaller than 1.79, obtained from the discrete global profile in 2.3.1, and much smaller than the uncorrected GPA=2.77. These results confirm that the corrected weighted sum formula leading to the ranking indicator (5) is badly needed. Thanks to this indicator in PROSE, a much more accurate picture of the actual global performance is obtained.
Case Study: The REF Framework
Review of university research evaluations
The evaluation of education by ranking universities has become increasingly popular over the past few years. Some examples in the UK are the Times Higher Education, The Complete University Guide, The Guardian University Guide and The Sunday Times University Guide. These rankings have a sizeable impact on universities as they may give some indication of prestige and exert a direct influence on the number and quality of applicants.
As an introductory remark, the evaluation of universities or departments is a complicated process as it is based on several conflicting criteria. Multi-criteria decision analysis (MCDA) methods are therefore appropriate for evaluation, as is data envelopment analysis (DEA), used to rank universities and departments according to their efficiency. A 11 detailed discussion of the steps requiring the definition of several specific input specific data for actual evaluations using MCDA or DEA (such as lists of criteria and technical parameters, e.g. weights, trade-offs, thresholds, etc.) is beyond the scope of this article, which entirely dedicated to the ranking once the input data have been agreed upon.
DEA, which is the technique most commonly applied, has been used for British universities [22-26, 44, 46, 49, 51] , as well as universities from other countries: Greece [29, 31] , Japan [6] , Italy [2] [3] [4] [5] , Australia [13] , Spain [35] , South Korea [53] , the USA [12, 14, 47] , Poland [37] , Germany [18, 30] , Bulgaria [50] , Taiwan [27] and Turkey [11] . However, as the main objectives of DEA are to provide a measure of university performance with respect to an input/output-type analysis, it brings few useful methodological elements for the ranking purpose here, in contrast to MCDA techniques which have been used for both evaluation and ranking. VIKOR was used in isolation in [38, 39] and combined with AHP in [52] . ELECTRE III was used in [19] for the evaluation of UK universities. [34] used AHP to determine the weights of three criteria (research, education and environment) and a normalised weighted sum to evaluate a sample of 35 top universities forming the Academic Ranking of World Universities. None of these approaches used performance profiles in the evaluations.
Several countries have introduced national assessment exercises related to the research quality of universities [42] in all disciplines to meet the need for regular national evaluation of universities' research units, primarily for funding, but also to define organisational issues [9, 36, 41] . The assessment is performed by a panel of academic researchers and research users nominated by a wide range of academic constituencies. The panel agree on common data, such as the ordered score levels (0* to 4*) for evaluating research quality and the weights given to three independent criteria. We accepted all input and output data available from the 2014 REF without any further analysis of the methodology used for the evaluation steps.
No mean values of the global profiles appear in the published 2014 REF reports, although this would have been an immediate task in obtaining a first ranking. This is because the 2014 REF was not intended for producing a ranking and the profile distribution has been adopted to avoid having ranking. However, the results are used by the research authorities for financing purposes, directly employing the proportions of 3* and 4* publications in the global profiles of each research unit, obtained from a plain weighted sum powered by the number of entered staffs. Therefore, the ranking obtained in this article is an original contribution, beyond main objective of testing the feasibility of the PROSE approach, as no official 2014 REF ranking exists.
Because of the rather unique format, using performance profiles, none of the available MCDA ranking techniques found in the literature are directly applicable in the REF 12 case. Moreover, because the purpose of PROSE is limited to the ranking step in the university evaluation, the upstream preference modelling of experts (decision makers) involved in the evaluation process found in most MCDA applications is beyond the scope of this study. A multi-criteria aggregating approach based on weighted sums -using without further analysis the criteria weights provided -remains the best and simplest way to proceed in obtaining a ranking.
Research Exercise Framework
This sub-section provides further detail on the data acquired from the 2014 REF, adopted as a performance-based research funding system. It was the seventh such formal assessment of research in UK universities and other research institutions. The exercise was mostly based on ex-post research evaluations through peer review judgement across 36 sub-panels. It graded 190,000 research outputs and nearly 7,000 impact case studies written by more than 52,000 full-time equivalent (FTE) staff at 154 higher education institutions. Participation is voluntary and institutions can decide which staff to include and under which discipline to include them.
As mentioned above, the evaluation of each research unit, considering the three criteria outputs, impact and environment detailed below, is given by percentage distribution profiles and not by single scores. Each performance profile considers five-star score levels: 0* (unclassified), 1* (recognised nationally), 2* (recognised internationally), 3* (internationally excellent), 4* (world-leading quality).
The three criteria are detailed as follows:
 Outputs: each person evaluated has to present their four best publications, which are evaluated according to their 'originality, significance and rigour';  Impact: two impact case studies are needed for up to 14.99 FTE staff numbers submitted for evaluation. A further case study is needed for 15-24.99 FTE staff and so on for any further 10 FTE staff. The impact cases are assessed on their 'reach' and 'significance';  Environment: the research environment is assessed in terms of its 'vitality and sustainability'.
As an example, the sub-panel 'Computer Science and Informatics' analysed the submission of this research unit at the University of Portsmouth, producing the following normalised 'output' profile with respect to the five-star score levels   0%, 4.8%,35.7%, 40.5%,19% (see Table 3 ).
The weight agreed between all sub-panels for the criteria was 65% for outputs, 20% for impact and 15% for environment. FTE staff numbers were available and allowed the aggregation of unit profiles to global profiles per institution. 13 The star profiles have the same format for all research units; they are provided from the web site in an EXCEL® file. To apply the PROSE methodology to the 2014 REF data, we have developed a MATLAB® programme, importing and sorting the data from the Excel file to perform the computations per research unit and the aggregations of units by institution. Sorting by unit type and institutions can easily be undertaken to generate the ranking tables A.1 and B.1 in Appendices A and B. -The methodology used by the REF for the acquisition of data, the choice of star score scales, criteria and corresponding weights, the pertinence and independence of criteria, the research unit profiles obtained in this framework, etc., are not within the scope of this paper. Therefore, all data are accepted without modification for the ranking evaluations; -For the same reason, any preference elicitation process -such as, for example, utility evaluations regarding the choice of weights or star score levels -upstream and downstream of the data acquisition was clearly not only beyond the scope of our study, but also beyond possibility due to the large number of expert sub-panels agreeing on the common framework data, which was not open to later discussion. This is the most obvious reason why MCDA techniques requiring interactive elicitation processes with the decision makers could not be considered; thus, a weighted sum approach using available data has been used; -The rankings obtained are not interpreted here either; the scope does not go beyond developing the mathematically sound ranking approach in PROSE. The global mean score V according to (13) is 2.81 V  . The standard deviation including both the contributions of the profile and the score order statistics is, according to (15), The same type of computation is readily performed for all 89 CS&I units to obtain the corresponding ranking indicator values. The corresponding ranking is given in Table A .1, Appendix A. CS&I Portsmouth has the 40 th rank.
Ranking evaluations for the 'Computer Science & Informatics' sub-panel
3.4.
Ranking evaluations for the whole REF panel
Going further, the ranking of all UK research institutions is obtained with PROSE in the same way. This exercise is readily performed using the available profile data per unit, given that an assumption is made regarding the weighting of each unit in each institution. The weighting used here comprises the FTE staff submitted for each unit in each institution [40] . In this way, a global institution star distribution is obtained by combining all global unit 15 distributions using this weighting. The ordered global ranking indicators, C V , of the 154 institutions are provided in Table B .1, Appendix B.
General conclusions and future work
The objective of this article has been to propose and test a ranking approach called Profile Ranking with Order Statistics Evaluations (PROSE) for an important class of multi-criteria ranking problems in which evaluation data are given as profile distributions running over a set of performance levels. A frequent case is the ranking based on school grades or more generally the evaluation of candidates or institutions by expert panels.
We chose the UK Research Excellence Framework exercise undertaken in 2014 [1] to test the feasibility and pertinence of PROSE as a representative real-world case study. 'The lure of league tables is hard to resist, despite their well-known limitations' (Pidd, 2012 , chapter 10, cited in [40] ) and therefore this article does not intend to propose one more ranking for the REF beyond those described in [40] , all being variants of the GPA with different weighting of the individual criterion profiles. Rather, the purpose is to propose a mathematically sound weighted sum approach for this general class of problems.
The weighted sum approach in PROSE has been adapted to incorporate the use of performance profile aggregations and ordinal ordered scores. The ordinal scores representing the performance levels are modelled by means of order statistics and this probabilistic approach makes it possible to calculate global score indicators combining both the mean multi-criteria values and spreads represented by the standard deviations. Note here that the approach would also be useful in the case of one profile only corresponding to a unique criterion, i.e. a general preference judgment or vote on some alternatives, candidates, etc. In such cases, the resulting indicator used for the final ranking gives a much richer content than the sole median value used for instance in the 'majority judgment' approach in voting theory [8] .
Future work will be dedicated to looking for multi-criteria ranking problems of the same category for applying PROSE. In the 2014 REF, profiles and criterion weights are already available, without the need to address the whole preparation procedure. In other ranking problems, profiles will have to be elaborated from scratch, so that procedures must be established to achieve these results. Protocols such as those in [20] or [43] could be developed to assist in the cognitive task of the decision makers in elaborating profiles.
PROSE could also be extended to the use of importance profiles for the criterion weights. In the 2014 REF, the expert panel fixed the weights, making further analyses on our part unnecessary. In future work addressing similar ranking problems, the weighting of criteria could be handled with weight importance profiles, i.e. considering importance score levels from 'no importance' to 'greatest importance' as in [16, 28] , in analogy with the performance score levels in this article. In such approaches, importance values would again 16 be modelled by means of order statistics. Interesting comparisons can be made with other probabilistic approaches, such as the rank-order centroid (ROC) weights used in the SMARTER method [17] and the SMAA centroid weights [32, 33] . In dealing with weights, new issues are raised, such as the independence and non-interactivity of criteria. This may require more research on possible network structures, as in the analytic network process [45] or the Choquet integral [15] , taking into account dependencies between importance profiles by adding covariance terms in the ranking indicator calculations used in PROSE. Finally, different alternate ways to treat the problem of ranking profile distribution may be proposed and compared in the future.
